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Abstract. The degree of mobility of a (pseudo-Riemannian) Kahler metric is the dimension of 
the space of metrics /i-projectively equivalent to it. We prove that a metric on a closed connected 
manifold can not have the degree of mobility > 3 unless it is essentially the Fubini-Study met- 
ric, or the /i-projective equivalence is actually the affine equivalence. As the main application 
we prove an important special case of the classical conjecture attributed to Obata and Yano, 
stating that a closed manifold admitting an essential group of h-projective transformations is 
(CP(n) 

i QFubini— Study) ( U P to multiplication of the metric by a constant). An additional result 
is the generalization of a certain result of Tanno 1978 for the pseudo-Riemannian situation. 
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1. Introduction 

1.1. /i-planar curves. Let (g, J) be a Kahler structure on a manifold M 2n . We allow the metric 
g to have arbitrary signature. A curve 7 : / — > M 2n is called h-planar, if there exist functions 
a(t), (3(t) such that the following ODE holds: 

(1) V^7 = a 7 + /?J(7). 

Actually, equation (1) can be written as an ODE (V^,7) A 7 A J7 = on 7 only; but since this 
ODE is not in the Euler form, there exist a lot of different ft,-planar curves with the same initial 
data 7(io),7(io)- Nevertheless, for every chosen functions a and j3, equation (1) is an ODE of 
second order in the Euler form, and has an unique solution with arbitrary initial values 7(to), j(to). 

Let us recall basic properties and basic examples of /i-planar curves. 

Example 1. The property of a curve to be /i-planar survives after the reparametrization of the 
curve. In particular every (reparametrized) geodesic of g is an ft,-planar curve. This is the reason 
why h— planar curves are also called almost geodesies or complex geodesies in the literature. 

Example 2. Consider a 2-dimensional Riemannian Kahler manifold, i.e. a Riemannian surface 
(M 2 ,g) with the induced complex structure J. For this Kahler manifold every curve on M 2 is 
/i-planar, since span{7(t), J{j{t))} coincides with the whole Tj/ t \M for r y(t) ^ 0. 

Example 3. Consider R 2 ™ = C n with the standard metric g = Y?j=i dz^dz^ and with the standard 
complex structure J (acting by multiplication by the imaginary unit i). 

Then, a curve 7 is /i-planar if and only if it lies on a certain "complex line" Span{w, J(v)} (for a 
certain i> ^ 0). 

Example 4. Consider the complex projective space 

CP(n) = {1-dimensional complex subspaces of C" +1 } 

with the standard complex structure J — J standard- The unitary group U(n + 1) acts naturally 
transitively by holomorphic transformations on CP(n). Since the group U(n + 1) is compact, there 
exists a Kahler metric on CP(n) invariant with respect to U(n + 1). This metric is unique up 
to multiplication by a constant and is called the Fubini-Study metric, we denote it by the symbol 
gFS- By an appropriate choice of the constant, gFS becomes a Riemannian metric of constant 
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holomorphic sectional curvature equal to 1 and we determine g F $ uniquely by this choice. Let 7r 
be the standard projection 7r : C" +1 \ {0} — > CP(n). We call a subset L C CP(n) a projective 
line, if L is the image of a 2-dimensional complex subspace of C™ +1 under the projection ir. 

Let us see that every curve 7 lying on a certain projective line L is /i-planar (and vice versa). 
Indeed, L is a totally geodesic 2-dimensional submanifold (for example since there exists an element 
/ e U(n + 1) such that L is the set of fixed points of /). Since L is J— invariant, (L,g F s\L, J\l) is 
a two-dimensional Kahler manifold (as in Example 2); in particular every curve on (L,g F s\L, J\l) 
is /i-planar. Since the restriction of the connection of gFS to L coincides with the connection of 
9fs\l, every curve ft,-planar with respect to (gFS\Li J\l) is a ls° /i-planar with respect to (g F s, J)- 
Now, every initial data 7(0), 7(0) and every functions a(t), /3(f) can be realized by a /i-planar curve 
lying on an appropriate projective line. Thus, a curve is /i-planar if and only if it lies on a certain 
projective line L. 

1.2. /i-projectively equivalent metrics. 

Definition 1 (/i-projectivity). Two metrics g and g that are Kahler with respect to the same 
complex structure J are called h-projectively equivalent, if each /i-planar curve of g is an /i-planar 
curve of g and vice versa. 

Example 5. If the metrics g and g are Kahler with respect to the same complex structure J 
and are affinely equivalent (i.e., if their Levi-Civita connections T and f coincide), then they are 
/i-projectively equivalent. Indeed, equation (1) for the first and for the second metric coincides if 

r = f . 

As we will see further, afhne equivalence will be considered as a special trivial case of h- 
projectivity. 

Example 6. In particular, for every nondegenerate hermitian matrix A = (a,ij) 6 Mat(n, n, C) 
the metric g = J27j=i a-ijdz l dz : > is /i-projectively equivalent to the metric g = Y^i=i dz l dz l from 
Example 3: indeed, the metric g is affinely equivalent to g and is Kahler with respect to the same 
J. Though there exist other examples of metrics /i-projectively equivalent to the metric from 
Example 3; they can be constructed similar to Example 7. 

Let us now construct Kahler metrics /i-projectively equivalent to the Fubini-Study metric g F s 
on CP(n). The construction is a generalization of the Beltrami's example of projectively equivalent 
metrics, see [8]. 

Example 7. Consider a complex linear transformation of C n+1 given by a matrix A 6 GL n+ \(C) 
and the induced mapping Ja ■ CP" — > CP™ defined by /^(^(x)) = n(Ax). Since the mapping Ja 
preserves the complex lines L and since by Example 4 ft,-planar curves are those lying on a certain 
projective line L, the pullback gA ■= /a9fs is fr-projectively equivalent to g F s- For further use let 
us note that the metric gA is isometric or affinely equivalent to g F s if and only if A is proportional 
to a unitary matrix. 

1.3. PDE-system for /i-projectively equivalent metrics and the degree of mobility. Let 

J be a complex structure on M 2n and let g and g be two metrics on M 2n such that (g, J) and 
(g, J) are Kahler structures. We consider the following (0, 2)-tensor on M: 

( 2 ) a H = l-fc^ J 9 ia g p 9f} , 

where g a ^ is the (2,0)-tensor dual to g a p: g a ^g^ — 5™. 

Obviously Ojj is a hermitian, symmetric and non-degenerate (0, 2)-tensor. 

Convention. We work in tensor notations. In particular we denote by "comma" the covariant 
differentiation with respect to the Levi-Civita connection defined by g, i.e., for example Tij.k = 
V 'kTij for a (0,2)-tensorT . We sum with respect to repeating indices and use the metric g to raise 
and lower indices, for example Jjk — gj a J a k is the Kahler 2-form corresponding to g. All indices 
range from 1 to 2n; the greek indices a, (3, ... also range from 1 to 2n and will be mostly used as 
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summation indexes ("dummy" indices in jargon). We also introduce the following notation: for 
every I— form Ui we denote by Ui — J a the "multiplication" of w with the complex structure J. 

The following statement due to Mikes and Domashev plays an important role in the theory 
of /i-projectivity; it reformulates the condition "g is /i-projectively equivalent to g" to the PDE- 
language. 

Theorem 1 ([40, 41]). Let (g,J) and (g,J) be two Kahler structures on M 2n . Then, g is h- 
projectively equivalent to g if and only if there exists a (0, 1) — tensor Aj such that dij given by (2) 
satisfies 

(3) a ij,k = \gjk + Aj(?ifc — XiJjk — XjJik 

One can and should regard equation (3) as a PDE-system on the unknown (ay,Aj) whose 
coefficients depend on the metric g. Let us mention though that it is possible to consider (3) as a 
PDE-system on the unknown (ay) only: Indeed, contracting (3) with g*i we obtain (a*) fc = 4Afe 
(which in particular implies that the covector Aj is a gradient, i.e., Ajj = 

Note that the formula (2) is invertible. Then, the set of the metrics g n-projectively equivalent 
to g is essentially the same as the set of the hermitian and symmetric solutions of (3) (the only 
difference is the case when ay is degenerate; but since adding const • ay to ay does not change 
the property of ay to be a solution, this difference is not important). Indeed, one can show that 
if (g,J) is Kahler, ay is hermitian, symmetric, nondegenerate and satisfies (3) for a certain Aj, 
then the metric g constructed via (2) is also Kahler with respect to J. 

We see that the PDE-system (3) is linear, hence the set of its solutions is a linear vector space. 

Definition 2. The degree of mobility of a Kahler metric g is the dimension of the space of solutions 
(ay,Aj) of (3), where ay is symmetric and hermitian. 

Remark 1. The degree of mobility D is at least 1 and is finite (assuming dim(M) > 4; in the 
two-dimensional case, every two conformally equivalent metrics are ft-projectively equivalent), 
1 < D < oo. Indeed, g itself is always a solution of (3) (with \ = 0), implying D > 1. We will 
not make use of the fact that D is finite, in fact D < (n + l) 2 , but it will be a direct consequence 
of Section 4 (and follows for example from [41, Theorem 2[). 

Convention. The equation (3) plays a fundamental role in our paper. Whenever we speak about 
a solution (ay,Aj) of this equation, we assume that is symmetric and hermitian. One of the 
reasons for it is that if aij is constructed by (2), then it is automatically symmetric and hermitian. 
The second reason is that the procedure of symmetrization and hermitization 



does not affect the right-hand side of the equation; so without loss of generality we can always 
think that ay in (3) is symmetric and hermitian. 

Remark 2. For further use, let us note that if A, = 0, then the metric g corresponding to ay is 
affinely equivalent to g (if it exists, i.e., if ay is nondegenerate). 

1.4. Main result. Our main result is the following 

Theorem 2. Let {M 2n ,g, J) be a closed connected Kahler manifold of degree of mobility D > 3 
and of real dimension 2n>A. Then 

• there is a constant c 6 1, c ^ 0, such that (M 2n , c ■ g, J) is (CP(n), <7_fs, J s tandard) where 
grs denotes the Fubini-Study metric on CP(n) with the standard complex structure 




or 



• each Kahler metric 



g, h-projectively equivalent to g, is affine equivalent to g. 
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In other words, a closed Kahler manifold (M 2n , g, J) which is not (a quotient of) (CP(n), const- 
9fs, J 'standard) can not have D > 3 unless every metric /i-projectively equivalent to g is affmely 
equivalent to g. 

We would like to point out that we do not assume in Theorem 2 that the metric g is Riemannian: 
an essential part of the proof is to show that it must be definite (i.e., that const • g is Riemannian 
for an appropriate constant). 

1.5. All conditions in Theorem 2 are necessary. The assumption D > 3 is necessary. Indeed, 
a construction of a Kahler metric g on CP(n) of non-constant holomorphic sectional curvature 
such that it admits a metric g that is /i-projectively equivalent to g, but not affmely equivalent 
to g can be extracted from [20] . In a certain sense, Kiyohara found a way how one can perturb a 
pair of /i-projectively equivalent metrics on a closed manifold such that they remain ft,-projectively 
equivalent. The space of perturbations is big and depends on functional parameters. Perturbing 
/i-projectively equivalent metrics from Example 7, we obtain (for generic parameters of the pertur- 
bation) metrics on CP(n) of non-constant holomorphic sectional curvature admitting non-trivial 
/i-projectivity. More examples can be extracted from [5], see discussion at the end of Section 1.6.1. 

The assumption that the manifold is closed is also necessary. The simplest examples of local 
metrics different from gps with big degree of mobility are due to [54], see also [11, 50]: it was 
shown that (locally) a metric of constant holomorphic curvature (even if the metric is not positive 
definite and the sign of the curvature is negative) admits a huge space of /i-projectively equivalent 
metrics. One can also construct examples of (local) metrics of non-constant holomorphic curvature 
with degree of mobility > 3 using the results of [39, §2.2]. 

The second possibility in Theorem 2 (when g and g are affmely equivalent) is also necessary. 
Indeed, consider the direct product of three Kahler manifolds 

(Mi,0i,Ji) x (M 2 ,g 2 , J 2 ) x (M 3 ,<7 3 , J 3 ). 

It is a Kahler manifold diffeomorphic to the product Mi x M 2 x M3, the metric is the sum of 
the metrics g\ + g 2 + 33, and the complex structure is the sum of the complex structures. Then, 
for any constants c\, c 2 , C3 7^ 0, the metrics c\ ■ g\ + c 2 ■ g 2 + c 2 ■ 93 is /i-projectively equivalent to 
.9i + .92 +33 (because they are affmely equivalent to it), i.e., the degree of mobility of gi +g 2 + g 3 is 
at least 3. If M, are closed, then Mi x M 2 x M 3 is closed as well. Of course, the metric gi+g 2 +gz 
is not const • gps- 

1.6. History, motivation, and first applications. 

1.6.1. History and motivation. ft,-planar curves and ft,-projectivity of Kahler metrics where intro- 
duced in [44, §§9-10]. Otsuki and Tashiro did not explain explicitly their motivation, from the 
context one may suppose that they tried to study projectively equivalent metrics (the definition 
is in Section 1.10) in the Kahler situation, found out that they are not interesting (impossible 
except of few trivial examples), and suggested a Kahler analog of projectively equivalent metrics. 
Actually, it was one of the main trend of their time to adapt Riemannian objects to the Kahler 
situation, see for example the book [59] (where many objects were generalized to the Kahler 
situation; h— projectively equivalent metrics are in the last chapter of this book). 

The notion turned out to be interesting and successful, there are a lot of papers studying h- 
projectivity and its generalizations, see for example the recent survey [39]. At a certain period of 
time h— projectivity was one of the main research topics of the Japanese and Soviet (mostly Odessa 
and Kazan) geometry schools. At least two books, [48] and [59], have chapters on h— projectively 
equivalent metrics. 

One of the mainstreams in the theory of /i-projectivity is to understand the group of h-projective 
transformations, i.e., the group of diffeomorphisms of (M 2n ,g, J) that preserve the complex struc- 
ture and send the metric to a metric that is /i-projectively equivalent to g. This set is obviously 
a group, Ishihara [18] and Yoshimatsu [61] have shown that it is a finite dimensional Lie group 
and the challenge was to understand the codimension of the group of affine transformations or 
isometries in this group, see for example [18, 16, 60, 1, 14, 39]. 
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As it follows from Example 7, the group of /i-projective transformations of ((C-P(ti), gps , J standard) 
is much bigger than its subgroup of affine transformations. A classical conjecture (in folklore 
this conjecture is attributed to Obata and Yano, though we did not find a reference where 
they formulate it explicitly) says that, on closed Riemannian Kahler manifolds that are not 
(CP(n), const • gFS, J standard), the connected component of the group of h-projective transfor- 
mations contains isometries only. In particular, in the above mentioned papers [18, 17, 16, 60, 1], 
the conjecture was proved under certain additional assumptions; for example, the additional as- 
sumption in [16, 60, 1] was that the scalar curvature of the metric is constant. 

For the Riemannian metrics, the Yano-Obata conjecture was proved in the recent paper [37]. 
The proof uses different techniques to those employed in the present article, but does rely in part 
on certain results (Theorem 2 and Section 2.5) of the present paper. 

In Section 1.6.2, we give new results assuming that the metric has arbitrary signature. In 
particular, we show that the codimension of the subgroup of isometries in the group of /i-projective 
transformation is at most one. 

Recent interest to ft.-projectivity is in particular due to an unexpected connection between h- 
projectively equivalent metrics and integrable geodesic flows: it appears that the existence of g 
/i-projectively equivalent to g allows to construct quadratic and linear integrals for the geodesic 
flow of g, see for example [56, 21]. Theorem 2 shows that there is no metric (except of Fubini- 
Study) on a closed Kahler manifold such that its geodesic flow is superintegrable with integrals 
coming from /i-projectively equivalent metrics. 

Additional interests to /i-projective equivalence is due to its connection with the so called 
hamiltonian 2-forms defined and investigated in Apostolov et al [4, 5, 6, 7]. It is easy to see 
that a hamiltonian 2-form is essentially the same as a ft.-projectively equivalent metric g, since 
the defining equation [4, equation (12)] of a hamiltonian 2-form is algebraically equivalent to the 
equation (3) from Theorem 1. The motivation of Apostolov et al to study hamiltonian 2-forms 
is different from that of Otsuki and Tashiro and is explained in [4, 5[. Roughly speaking, they 
observed that many interesting problems on Kahler manifolds lead to hamiltonian 2-forms and 
suggested to study them. The motivation is justified in [6, 7], where they indeed constructed new 
interesting and useful examples of Kahler manifolds. There is also a direct connection between 
/i-projectively equivalent metrics and conformal Killing (or twistor) 2-forms studied in [42, 46, 47], 
see Appendix A of [4] for details. 

In private communications with the authors of [4, 5, 6, 7] we got informed that they did not 
know that the object they considered was studied before under another name. Indeed, they re- 
derived certain facts that were well known in the theory of ft-projectively equivalent metrics. 
On the other hand, the papers [4, 5, 6, 7] contain several solutions of the problems studied in 
the framework of /i-projectively equivalent metrics; in particular they gave a global description of 
metrics admitting hamiltonian 2-forms providing us with new nontrivial examples of ft,-projectively 
equivalent metrics. 

1.6.2. First applications: special case of the Yano-Obata conjecture. Let (M 2n ,<?, J) be a Kahler 
manifold. Recall that a diffeomorphism / : M — > M is called a h-projective transformation if 
it preserves the complex structure J and sends the metric g to a metric that is ft,-projectively 
equivalent to g. The set of all /i-projective transformations of (M 2 ™, g, J) forms a Lie group which 
we denote by HProj. We denote by HProj its connected component containing the identity. The 
groups of affine transformations and isometries of M preserving the complex structure and their 
connected components containing the identity will be denoted by Aff(<?, J), Iso(</, J), ASo(g,J), 
and Isoo(.g, J), respectively. 

Corollary 1. Let (M 2n ,g, J) be a closed connected Kahler manifold of dimension 2n > 4. Assume 
that for every const ^ the manifold (M 2n ,g, J) is not (CP(ra), const • gps, Jstandard)- Then the 
group Iso (g, J) has the codimension at most one in the group HProj , or HProj = Aff(g, J). 

Proof. First assume D — 1. This means that each metric that is /i-projectively equivalent to g, is 
proportional to it. Thus, every /i-projective transformation is a homothety. Since the manifold is 
closed, every homothety is an isometry implying HProj = Iso(g, J). 
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Assume now D > 3. Then, by Theorem 2, every g ^.-projectively equivalent to g is affinely 
equivalent to g implying HProj = Aff(g, J). 

The remaining case is D = 2. We need to show that the Lie-algebra of Isoo(<7, J) has codimension 
at most one in the Lie-algebra of HProj . 

Let u, v be infinitesimal /i-projective transformations, i.e. vector fields on M generating 1- 
parameter groups of /i-projective transformations. We need to show that their certain linear 
combination is a Killing vector field. Let us first construct a mapping ^ : u i->- a u sending an 
infinitesimal ^.-projective transformation to a solution of (3). 

We denote by the flow of u and define g t := As we recalled in Section 1.3 (see 

Theorem 1 there), the (0,2)— tensor a(t)ij given by (in matrix notation) 

/det 9t \WT7 
a( * )= UetJ 99t 9 

satisfies equation (3). Taking the derivative at t = 0, and replacing the t— derivatives of tensors 
by Lie derivatives, we obtain that the (0,2)— tensor 

trace g~ x L u g 
°" ■= 2(n+l) 9 

satisfies equation (3). 

We define then the mapping by ty(u) = a u . The mapping is clearly linear in u. Since the two- 
dimensional space of the solutions of (3) contains the one-dimensional subspace {c • g \ c € R}, for 
every two infinitesimal ^.-projective transformations u, v there exists a linear combination bu + dv 
such that &(bu + dv) = eg (for a certain c € R). Let us show that bu + dv is a Killing vector field. 
We have: 

/ A \ T trace g~ x L hu+dv g 

(4) L bu+dv g g = eg. 

2(n + 1) 

Multiplying this (matrix) equation by the inverse matrix of g and taking the trace, we obtain 
tra,ce(g~ 1 L bu+dv g) - 2 ^ 1) tr&ce(g~ 1 L bu+dv g) = 2nc. 

Thus, trace(g _1 L bu+dv g) = 2n(n + l)c. Substituting this in (4), we obtain that L bu+dv g = 
c(l — n) ■ g. Then, bu + dv is an infinitesimal homothety. Since the manifold is closed, any 
infinitesimal homothety is a Killing vector field implying that bu + dv is a Killing vector field as 
we claimed. □ 

1.7. Additional motivation: new methods for the investigation of the global behavior 
of /i-projectively equivalent pseudo-Riemannian metrics. In many cases, local statements 
about Riemannian metrics could be generalised for the pseudo-Riemannian setting, though some- 
times this generalisation is difficult. As a rule, it is very difficult to generalize global statements 
about Riemannian metrics to the pseudo-Riemannian setting. The theory of ft,-projectively equiv- 
alent metrics is not an exception: certain local results could be generalized without essential 
difficulties. Up to now, no global (say if the manifold is closed) methods for the investigation of 
/i-projectively equivalent metrics were generalized for the pseudo-Riemannian setting. 

More precisely, virtually every global result (see for example the surveys [39, 49]) on h— projectively 
equivalent Riemannian metrics was obtained by using the so-called "Bochner technique", which 
requires that the metric is positively defined. 

Our proofs (we explain the scheme in Section 1.9) use essentially new methods (in Section 1.10 
we explain that these methods were motivated by new results in the theory of projectively equiva- 
lent metrics). We expect further applications of these new methods in the theory of /i-projectively 
equivalent metrics, and in other parts of differential geometry. 



1.8. Additional result: Tanno-Theorem for pseudo-Riemannian metrics. Let us recall 
the following classical result of Tanno and Hiramatu: 
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Theorem 3 ([53], [16]). Let f be a non-constant smooth function on a closed Riemannian Kahler 
manifold (M 2n ,g, J) of dimension 2n > 4 such that the equation 

(5) f,ijk = K(2/,fc • gij + f t i ■ g 3 k + f,j • 9ik - f,% • Jjk - f,j • J%k)- 

is fulfilled (for a certain constant k). Then, k < and (M 2n , g, J) has constant holomorphic 
sectional curvature —4k. In particular, (M 2n , —4k • g, J) is (CP(n),gFS, J standard) ■ 

More precisely, Tanno [53] assumed that k < 0; in this case it is sufficient to require that the 
manifold is complete. Hiramatu [16] proved that the equation can not have nonconstant solutions 
for k > 0, if the manifold is closed. One can construct counterexamples to the latter statement, if 
the manifold is merely complete. 

We will show in Section 6 that a part of the proof of our main result gives also a proof of the 
pseudo-Riemannian version of the above statement: 

Theorem 4. Let f be a non-constant smooth function on a closed connected pseudo-Riemannian 
Kahler manifold (M 2n , g, J) of dimension 2n > 4 such that the equation (5) is fulfilled (for a 
certain constant k). Then, n ^ and (M 2n , —4k • g, J) is (CP(n),gFS, Jstandard)- 

1.9. Plan of the proof. We assume that (M 2n ,g,J) is a closed connected Kahler manifold of 
dimension 2n > 4. We divide the proof of Theorem 2 in four steps. 

• In Section 2, assuming D > 3, we show that for every solution (aij,Xi) of equation (3) 
there exists a constant BeM and a function \i such that the following "extended" system 

a%j,k — ^iQjk ~t~ XjQik ^iJjk XjJik 

Aij = [igij + Baij 
= 2B\ 

is satisfied (see Theorem 5). For ^ const -g^, the constant B is uniquely determined by 
the metric (Corollary 5), i.e., is the same for all solutions of (3) that are not proportional 
to g. 

In Sections 3, 4, 5 we will work with the above "extended" system only, i.e., we will 
not use that the degree of mobility of g is > 3 anymore. We show that the existence of 
a solution (a,j,Aj,/i) with A, ^ on a closed connected Kahler manifold implies that the 
metric is proportional to the Fubini-Study metric. We proceed as follows: 

• In Section 3 (see Theorem 6), we show that B ^ unless Aj = 0. 

• If B 7^ 0, by replacing g with —B ■ g, without loss of generality we can assume B = —1. 
In Section 4, we show that, for B = —1, the metric g is positively definite. 

• In Section 5, we combine the results of the previous sections and the result of Tanno [53] 
we recalled in Section 1.8, to show that our manifold is (CP(n), const • gps, Jstandard)- 
This concludes the proof of Theorem 2. 

1.10. Relation with projective equivalence. Two metrics g and g on the same manifold are 
projectively equivalent, if every geodesic of g, after an appropriate reparametrization, is a geodesic 
of g. As we already mentioned in Section 1.6.1, we think that the notion "/i-projective equivalence" 
was introduced as an attempt to adapt the notion "projective equivalence" to Kahler metrics. 
It is therefore not a surprise that certain methods from the theory of projectively equivalent 
metrics could be adapted for the /i-projective questions. For example, the above mentioned papers 
[16, 60, 1] are actually an ^-projective analog of the papers [57, 15] (dealing with projective 
transformations), see also [13, 51]. Moreover, [61, 54] are "Kahlerizations" of [17, 52], and many 
results listed in the survey [39] are "Kahlerizations" of those listed in [38] . 

The Yano-Obata conjecture is also an /i-projective analog of the so-called projective Lichnerowicz- 
Obata conjecture (recently proved in [31, 28], see also [26, 27]). There also exists a conformal analog 
of this conjecture (the so called conformal Lichnerowicz-Obata conjecture proved in [2, 43, 45]), 
whose CR— analog was proved in [45], and finsler analog in [35]. 

We also used certain ideas from the theory of projectively equivalent metrics. In particular, 
the scheme of the first part of the proof of Theorem 2 is close to the scheme of the proof of [19, 
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Theorem 1], see also [29], the scheme of the second part of the proof is close to the proof of [33, 
Theorem 1] (though the proofs in the present paper are technically much more complicated than 
the proofs in [19, 33]). 

Let us also recall that recently new methods for the investigation of projectively equivalent 
metrics were suggested. A group of these new methods came from the theory of integrable systems 
and from the dynamical systems [23, 34, 24, 25]. We expect that these methods could also 
be adapted for the investigation of /i-projectively equivalent metrics (first steps were already 
done in [21]). Another group of new methods came from the geometric theory of ODEs, see 
for example [10, 30, 9[. We expect that these methods could also be adapted for /i-projective 
transformations. 

Let us also recall that equation (5) was introduced in [53] as "Kahlerization" of /^j. = k(2/ ^ • 
9ij + f,i ' 9jk + f,j ' 9ik)- The latter equation appeared independently and was helpful in many parts 
of differential geometry: in spectral geometry [53, 12], in cone geometry [12, 3], and in conformal 
and projective geometry (see [15, 53] and [32, 33] for references). We expect that equation (5) will 
be helpful in the "Kahlerizations" of these geometries. 

2. Local theory and extended system 

The goal of Section 2 is to prove the following 

Theorem 5. Let (M 2n , J,g) be a connected Kahler manifold of dimension 2n > 4. // the degree 
of mobility D of g is > 3 7 then for every solution (o;j, A,) of (3), such that dij ^ const - g, there 
exists a unique constant B and a scalar function fi, such that the extended system 

C-ij,k = \9jk + ^j9ik — \ J jk ~ ^jJik 

(6) Xij = \ig, , + I hi,, 

H,i = 2B\ 

is satisfied. 

We see that the first equation of (6) is precisely the equation (3), i.e., is fulfilled by assumptions. 
We would like to note here that the second and the third equations are not differential consequences 
of the first one: they require the assumption that the degree of mobility is > 3. 

The proof of the second equation is the lengthiest and trickiest part of the proof of Theorem 5. 
After recalling basic properties of A^ in Section 2.1, we will first prove a pure algebraic result 
(Lemma 2). Together with Lemma 5, it will imply that the equation \j = fig^ + Ba- L j holds in 
a neighborhood of almost every point of M for a certain function B. Then, in Lemma 6 we show 
that, locally, in a neighborhood of almost every point, the function B is actually a constant. The 
constant B and the function fj, could a priori depend on a neighborhood of the manifold, the last 
step will be to show that B and /j, are the same for each neighborhood and, hence, are globally 
defined (Section 2.5). Now, the third equation of Theorem 5 will be obtained as a differential 
corollary of the first two. 

Note also that (gij,0) is also a solution of (6), with ^ = —B, so Theorem 5 holds for this 
solution except for the constant B is not unique anymore. In Section 4 we will consider (<?ij,0) as 
a solution of (6) with B = — 1 and fj, = 1. 

2.1. Killing vector field for the geodesic flow of g. In this section we show that the 1-form 
Aj satisfies the Killing equation, a fact which we shall use several times during our paper. 

Lemma 1 (Folklore). Let (M 2n ,g, J) be a Kahler manifold of dimension 2n > 4 and let (a^, Aj) 
be a solution of equation (3). Then J anticommutes with gij, a,j and Aij: 



J i9aj — 


— a- J a ■ 


T a n ■ — 


—n J a 


/ _ 


\ T a 



Proof. The first equality is a part of the definition of Kahler metrics, the second property follows 
from our convention from Section 1.3. The third equality is also somehow known: it follows 
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immediately from [41, equation (13)] and [4, Proposition 3]. For the convenience of the reader, we 
give its proof but it does not pretend to be new. 
Differentiating (3), we obtain 

dij,kl — \,l9jk + Xjjgik — KjJjk — XjjJik- 

Substituting this into the formula aij^i — dij,ik = Rlki a rj + R T jkl a ir (which is fulfilled for every 
(0,2)-tensor ay) we obtain 

^ aij,kl ~ Uij,lk — K.l9 3 k - X t .k9jl + Xjjgik - Xj.kQil - K.lJjk + K.kJjl — XjjJik + X h kJil 

Multiplying this equation with g jk and summing with respect to repeating indices, we obtain: 

InXii - Xii + X t j - g 3k Xj,k9u - + \ k J k t - A i>; + g ik X %k J a 
(8) = (2n - 1)A M - g jk X j<k gu + X t . k J k l + g jk X 3 , k Ju = g jk R r lk ia r3 + g jk R r jkl a ir . 

Recall that gij and ay are hermitian and the curvature satisfies the symmetry relations 

RakiJ a j = J 1 a R%i an d R) a f)J a k^ \ = Rjki- 

Now, let us rename i — > i' and I — > V , multiply equation (8) by J 1 t J l t , and sum with respect to 
repeating indices. We want to show that this operation does not change the right-hand side of the 
equation. First we consider the second term on the right-hand side: 

jk ryr ji' jl' jk nr ji' jl' jk pi' _ jr jl 1 jk ryr ji' jl' 

g Hj kl ,ai> r j i j ; — g n^ainj r ,j l — g n, Tkv ainJ jj l — g n. ilkl ,a ri j -j l 

„ji' jDT jk jl' ji' jk nr 

— 9 n i'kl' a ri J j J \ —9 tt-i'jlQ-ri—g n-jkl a ir 

We see that this term remains unchanged. Similarly, for the first term on the right-hand side we 
have 

„0kr>r ji' jl' _ jk ni' jr jl' —_ n jkni' jr jl' 

!J It i'kl' a rj J i J l~y It ikl' a rj J i' J l~ 9 ri ikl' a rt' J j J I 



n Jr R { ' n T k T 1 ' — n Jr R { ' n , — n jk R r a ■ 
y It ikl' a n' J j J I — y rL iil a r%' — y ^ik^jri 
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j' J I — y ± Hjl u 'r%' — y *Hkl a jr 

which again shows that the operation above does not change this term. Thus, the right-hand 
side of (8) remains unchanged, so the difference of the left-hand side of (8) and the transformed 
left-hand side of (8) must be zero. We obtain: 

= (2n - l)Ai/,,/ jV r ; - 9 3k X 3 , k g^J 1 ' t J l \ + X~i> , k J k v J* V \ + g^'Xj.kJ^J 1 V' 

-(2n - l)Xu + g jk \, i - X t . k J k i - g ik \kJa 
= (2n - l)\ k J k l - (2n - 1)A M - \ k J k l - X^J\ - (2n - 2)(A ijfc J k t - A M ) 

Hence, Xi.kJ k [ — Xij. Multiplying by J 1 ^ and using that Xij is symmetric yields the desired 
formula -Xij = X l . i J l j = Xi ti J l j = X jti . □ 

Corollary 2 ([4]). Let (M 2n ,g,J) be a Kahler manifold of dimension 2n > 4. If (fly, A^) is a 
solution of equation (3), then X 1 := g ta X a is a Killing vector field for g. 

Proof. A vector field v l is Killing, if and only if the Killing equation Vij + Vjj = is satisfied. For 
the vector field A\ the Killing equation reads Xij + Xjj = and is equivalent to the third equality 
of Lemma 1. □ 

Corollary 3. Let (ay, Aj) be a solution of equation (3) on a connected Kahler manifold (M 2n , g, J) 
of dimension 2n > 4. If Aj ^ at a point, then Aj ^ at almost every point. 

Convention. Within the whole paper we understand "almost everywhere" and "almost every" in 
the topological sense: a condition is fulfilled almost everywhere (or in almost every point) if and 
only if the set of the points where it is fulfilled is dense in M . 
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Proof. If Aj 7^ at a point, then the Killing vector field A* is not identically zero. It is known that 
a Killing vector field that is not identically zero does not vanish on an open nonempty subset (to 
see it one can use the fact that the flow of a Killing vector field commutes with the exponential 
mapping). Thus, X 1 ^ at almost every point, implying Aj ^ at almost every point. □ 

Corollary 4. Let (M 2n ,g, J) be a connected Kahler manifold of dimension 2n > 4 and let (a^ , Aj) 
be a solution of (3) such that = at every point of some open subset U C M. Then (a^ , Aj) = 
(0,0) on the whole M. 

Proof. If aij = in U, then Aj = in U implying Ai = on the whole M in view of Corollary 3. 
Then, equation (3) implies that a^- is covariantly constant on M. Since it vanishes at a point, it 
vanishes everywhere. □ 

2.2. Algebraic lemma. Let us denote by J the following (2, 2)-tensor: 

(9) Jf = 6?5f + J a i J fl j . 
Using this notation one can rewrite equation (3) in the form 

(10) aij.k = J-/ {Xt-gj'k + Aj'5-i'fc) 

The first step in the proof of Theorem 5 will be to show the validity of the second equation of the 
system (6) in a point: 

Lemma 2. Let (M 2n , g, J) be a Kahler manifold of dimension 2n > 4 and let (a^, Aj) and (Ay , Aj) 
be solutions of (3) such that at the point p G M, a, g, and A are linearly independent. Then, there 
exist numbers B and jj,, such that the equation 

(11) Ajj = ngij + Ba iv 
holds at p. 

Proof. Substituting (10) in a^M - a t , hlk = a ia R" kl + a ja Rf kl , we obtain 

(12) a ia R^ kl + a ja Rf kl — J-j j (Xi.i'gj'k + M,j'9i'k - ^k,i'9j'l - ^k,j'9i'l) 

These equations are fulfilled for every solution of (3), thus for (Ay, Aj). We denote by (12. A) the 
equation (12) with (ajj,Aj) replaced by (Ajj,Aj). From this point we will work in the tangent 
space to the fixed point p only. 

Since equations (12) and (12. A) are not affected by the transformation (for any constants 
a, A, c, C) 



(13) -> a io + a ■ g io , Ajj ->■ Aj,j + c • gij , 

(14) A^ -> A^ + A ■ g^ , A^j ->■ A it j + C ■ g tj , 

without loss of generality we can assume that ay, Xij, A^ and Aij are trace-free, i.e. 

(15) a ijg ij = A, ,//" = A^i = A itj g^ = 0. 



In this "trace-free" situation, our goal is to show that Xij = B ■ for a certain number B. 
After contracting (12) with A\, and renaming of the indices I — > {3, I' — >• I, we obtain: 

(16) a ia Rf k/3 A f i + a ja Rf k/3 A^ = J^ 3 (Af X p ^g yk + A^^g vk - Afx^g^p - Af \k,i'9i>p)- 
Because of the symmetries of the curvature tensor, 

r, U a 4/3 „a T> aP n <x T> aP 

a %a^jkp A l — a i n ajkp^i — «i npkja-^-i ■ 

Then, equation (16) can be rewritten as 

(17) a^A^R/ikja + a?Af Rp ki<x = J-/ {Af\p >v g jlk + AfXp^gvu - Af X k ,i>gj>p - A^\ k>j ,g V p). 



THE ONLY KAHLER MANIFOLD WITH DEGREE OF MOBILITY > 3 IS (CP(n), g F ubini-stud y ) U 

Symmetrizing with respect to (I, k) and rearranging the terms we obtain 

(18) a"(A ; Rfjkja + A k Rpij a ) + a°-{A l Rp kiot + A k Rp Ua ) = 

= J-/ (AfXp^gjik + Af\p t j>gi>k ~ A^X k ^gyp - AfXk,j>gi>p+ 

+ A^Xp^gyi + A^Xp^gvi - A^X^gyp - A^X^ygvp). 

The terms in the brackets in the left hand side are the left hand side of (12. A) with renamed 
indices: the rules for renaming indices are 

(i a j k l\ fi a j k l\ 

\l p k j a) \l P k i a) 1 

respectively. Substituting (12. A) in (18), we obtain 

(19) J kl v [af (Acj-^fe/j- + A. a ,h' gvj - hj,i>gk>a - hj,k>gi>a)+ 

+a"(A at i>gk'i + Kx,k'9lH ~ A i,l'9k'a ~ K,k'9l'a)\ = 

■ I ■/ 

= J-/ [Af(\ a> i>gj>k + X a j>gi>k - Xk,i>gj> a - Xk,j'g%> a )+ 

+A k {X a ^gyi + X a ,j'9i'i - Xij>gy a - Xijigva)] ■ 

Now we want to change the contraction with the tensor J kl 1 by the contraction with the tensor 
Jlj° . This operation is possible (= after applying it we obtain the same equation), because of 
specific symmetries of each component in brackets. Indeed, for the first component we have 

(20) J& l 'a?K,v9Wi = (S k k 'S l i + J k ' k Z l )a?h a ,v9w i = 

= Sk' s i a i A <*,i'9k>j + J k ' k J V 'tafAcvgvj = 

= 5i'8j'af,A a jg k j' + J k ' k J 1 ' t af A a ,vg k >j 
Consider the last part and apply Lemma 1 several times: 

(21) J k ' k J l ' l aX\ a ,v9k> i = (J k ' k 9k>j) ■ (J l 'iM', a ) ■ (g a %i) = 

= (-J j 'j9j>k) ■ (~J a ' a K',i) ■ (g^apt) = (J j ' j9 y k ) ■ A Q ,,, • (J a ' a g^) ■ a 0i = 
= (J j ' j9 y k ) ■ A Q ,,, ■ {-J%,g f3 ' a ') • apt = (J j ' j9 y k ) ■ A a >,igP' a ' ■ {-J p,a 0i ) = 

= (J f 3 9j'k) ■ A a ,.igP' a ' ■ {J 1 '^,^) = f\ J 3 ' ytf,A a .igy k 

Then J$ l ' af A a ^g k/j = J^ 3 af,A a .ig k y, as we claimed. 

The proof for all other components is analogous (in fact, in the proof we used the hermitian 
property of ay, Xij,gij only, and this property is fulfilled for all these tensors by Lemma 1). 

Therefore, considering each component in the left part of (19) separately, we obtain: 

(22) J\P [a"(A a .ig kr + A a . k giy - A fil g ka - Ay. k g ta )+ 

+a",(A ai ig ki > + A a . k g h > - Ai>.ig ka - Ai>. k gi a )] = 
= Jij 3 [Af (X a! i' gy k + X a! jigi' k — X k ^gy a — X k j'gi' a )+ 

+A k (X a A>gj>l + Xajigi'i ~ Xl^'gj' a - Xlj'gi' a )] . 

In the left hand side of (22), we collect the components on containing g with the same indices: 

(23) jff [(af,A a j - A?X aii ,)g kf + (a?,A a , k - A%\ a , i ,)g lj ,+ 

+ (a"'A Qj ; - A"X a j')g k i' + (ayA a , k - A k X ai j')gw] = 
= Ji/ [a,i' k Aj>,i + amAj> jk + a,ji k A Vi i + aj>iAi>, k - AyiX k ^ - A in X k ^ - Ay k X Li > - A vk Xij>] 
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We set c a — af A Qj ; — AfX a i . it is easy to check that cu anticommutes with J: J 01 ^^ — —c ia J a j. 
Then equation (23) takes the form: 

(24) J.j J [cingj'k + Ci'kgjn + Cjngi'k + cykgv^ = 

= Jlj 3 {ai>kA-ji,i + ainAj^k + aj'feAi'^ + a^A^/j — AjnX k ,i' — Ai>iX k ^i — Ay k X\^ — A vk Xi^i\ 

Let us now contract the last equation with g ]k . This operation involves the j-index, so we 
have to make use of the explicit formula (9) for J . After some index manipulations, using the 
anticommutation- and trace-free-properties of the tensors involved 1 , we obtain: 

(25) 2nc a + (c 3k gi k )g u = 0, 

which implies cu =0. Since cu — 0. the equation (24) reads 

(26) ;/ 

J^ 3 [ai'u^j'd + ainAj^k + a-j'k^i',1 + ayiA^fc — AjuXka' — ^i'Afe.j' — Aji k ^l,i' — A^kXiji] = 

Let us now multiply (26) by \j^ k - After rearranging components and renaming indices we can 
write the equation in a more symmetric way: 

(27) l(Si'6{5 k k ' + Sfj^J k ' k + J^J 3 '^ J^Sj J k ' k ). 

■ {aiik'Aj',i + ai>iAj^k' + cij'k'Ai>j + aj'iAi^h' — 

— AjnXk',i' — Ai/iXk'j' — Ajik'Xi^/ — Ai/k'Xij/) = 

Using that J anticommutes with a^, A^, A»j (see Lemma 1) one can get 

(28) 

auAj^k + ajkKj + J 1 i J 3 j(ai'iAj^k + OffcA,',;) = A a X^ k + A jk X l ,j + J 1 i J° 3 (A V iXy^ + Aj> k Xi>,i) 
Symmetrizing (28) by (i, I) we finally obtain 

(29) auAj.k + a jk A l ,i = A a X hk + A jk X tt i. 

In other words, A^a-[ + A-ja^ = X-\A$ + X^A-j, where H and "1 stand for the symmetric indices jl 
and ik, respectively. 

But it is easy to check that a non-zero simple symmetric tensor X#-[ = PxQ^+P-iQn determines 
its factors P# and Q-\ up to scale and order (it is sufficient to check, for example, by taking P# 
and Q-\ to be basis vectors). Since and A^ are supposed to be linearly independent, it follows 
that Xij = const • a^, as required. □ 

Remark 3. We would like to emphasize here that, though Lemma 2 is formulated in the differential- 
geometrical notation, it is essentially an algebraic statement (in the proof we did not use differ- 
entiation except for the integrability conditions (12) that were actually obtained before, see (7)). 
Moreover, we can replace Rj kl in (12) by any (l,3)-tensor having the same algebraic symmetries 
(with respect to g) as the curvature tensor. 

1 Each component separately: 

Cjl9ik9 3k = <Hl, c jk g a g ]k = {c jk g 3k )g a , 
J 1 'iJ 3 ' jCi'igj'kg^ = 0, J i ' i J 3 ' :j c i , k g :j , l g3 k = -cu, 
J i ' i J 3 ' j c 3'l9i' k 9 3k = -J* \J 1 Wi' = ~ c «> J i 'iJ 3 '^j'k9i'l9 3k = -{9 jk J j 'jCj'k)^ 'i9i'l = 0, 
atk^j,l9 3k = a f A P ,i> au^-j,k9 jk = 0, ajfeAi,;9 jfc = 0, a jl K itk g jk = A itP af , 
J 1 'iJ 3 ' J -<VfcAy,;<? J ' i: = -<A P ,i, ^ 'iJ J 'jVinAj, ik g jk = 0, J*\ J j ' j a j , k A i ,, l g jk = 0, J l \ J 3 ' ^j^A^^g^ = -A ilP af. 



THE ONLY KAHLER MANIFOLD WITH DEGREE OF MOBILITY > 3 IS (CP(n), g F ubini-stud y ) 13 

2.3. If the solutions a^,A^ and g^ are linearly dependent over functions, then they 
are linearly dependent over constants. The goal of this section is to show, that under the 
assumption of degree of mobility > 3, equation (11) holds in a neighborhood of almost every point 
of M for each solution (a^, Aj) of equation (3). The real numbers B and \i in equation (11) then 
become smooth function on this neighborhood. In the end of this section, it will be also shown 
that the local function B is the same for all solutions of equation (3). 

Lemma 3. On a Kahler manifold (M 2n - 4 ,g,J), let (Aij,Xi) and (ay, A,) be solutions of (3). 
Then, almost every point p G M has a neighborhood U(p) Bp such that in this neighborhood one 
of the following conditions is fulfilled: 

(a) aij 7 Aij 7 and gij are linearly independent at every point ofU(p), 

(b) a ij ) A-ij , and gij are linearly dependent at every point of U (p) . 

Proof. The proof in fact does not require that and are solutions of (3). Let W be the set 
of the points where (a) is fulfilled. W is evidently an open set. Consider int (M \ W), where "int" 
denotes the set of the interior points. This is also an open set, and W U int (M \ W) is open and 
everywhere dense. By construction, every point of VTUint (M \ W) has a neighborhood satisfying 
the condition (a) or the condition (b). □ 

One of the possibilities in Lemma 3 is that (in a neighborhood U(p)) the solutions aij,Aij 
and g^ of (3) are linearly depended over functions. Our goal is to show that in this case they 
are actually linearly dependent (over constants). At first we consider the special case, when two 
solutions are proportional. 

Lemma 4. Let (M 2n ,g,J) be a Kahler manifold of dimension 2n > 4, and let (ay,Aj) and 
(Aij, Aj) be solutions of (3) such that a^ ^ at every point of some open subset U C M. If 
a : U — > M is a function such that 

(30) A = aa, 
then a is constant, and A — aa on the whole M. 

Proof. Since A^ and are smooth tensor fields on U and ^ 0, the function a is also smooth. 
We covariantly differentiate (30) and substitute the derivatives of and A^ using (3) to obtain 

(31) 7,0jfe + "fjg lk - JiJjk ~ JjJik = a^o-ij, 

where 7^ := Aj — a\i. Contracting equation (31) with a non-zero vector field U k such that 
U k a t k = yields 

(32) jiUj + 7j Ui + 7, Uj + 7j U t = 
Let us now show that at every point 

span{[/- J , U 3 } ± C span{7 J , J 3 }' 1 . 

For every vector field V 3 € spanjCP, U 3 } 1 - we have (contracting this vector field with (32)) 

{7jV j )Ui + (7jV j )U i =0 

Since Ui and Ui are linearly independent, jjV 3 — */jV 3 = 0. Then Vi G spanj^, j 3 }- 1 . Thus, 
sp&n{U 3 , U^} 1 - C spanj^, J 3 } 1 - as we claimed. 

Assume 7j ^ 0. Then the spaces sp&n{U 3 , U 3 } 1 - and span{7 J , J 3 } 1 - have equal dimension 
(2n — 2), and therefore coincide. The same holds for their orthogonal complements and we obtain 

spanjtP , U 3 } = span{7"' , j 3 } 

Thus, every vector U l from the at least (2n — l)-dimensional space span(a ; z ) ± lies in the 2- 
dimensional space spa.n{j 3 , 7 J }, which gives us a contradiction. Thus, 7^ = and equation (31) 
reads a^Oij = 0, implying a is constant on U . Therefore, the solution A^ —aaij vanishes at every 
point of U. By Corollary 4 it vanishes on the whole M . □ 



Now let us treat the general case: 
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Lemma 5. On a connected Kahler manifold (M 2n ,g,J) of dimension 2n > 4 7 let (djj,Aj) and 
(Aij,Ai) be solutions of (3). Assume that for certain functions a and ft on an open subset U C M 
we have 

(33) Aij = ag i:j + fta io 
Then there exist constants (Ci,C2,C 3 ) ^ (0,0,0) such that 

C\A + C 2 a + C 3 g = on the whole M. 

Proof. If there locally exists a function c such that = cgij, then by the previous Lemma 4 the 
function c is a constant. Hence, by Corollary 4, one can choose C\ — 0, C 2 = —1 and C3 = c. 

Let be non-proportional to g^. Then (33) is a linear system of equations of maximal rank 
with smooth coefficients on functions a and ft. Thus, its solutions a and ft are smooth. 

Similarly as before in Lemma 4, by differentiating (33) we obtain 

(34) figjk + j 3 g ik - jiJ jk - jjj ik = a ik 9ij + ft,k a ij 
where 7; = Aj - /3Aj. 

Assume ji ^ 0. We contract (34) with a vector field U % such that U k ct_ k — U k ft tk — to obtain 
equation (32). As in the proof of Lemma 4, we obtain 

span{lP, U 3 } = span{7 J , 7 J } 

implying Ui — c ■ 7, + d ■ ji for certain functions c and d. We substitute Ui in (32) to obtain 

2c- (7»7j +7i7j) = 0. 

Since 7, 7^ 0, it follows that c = 0, and therefore U l = d- 7*. We have shown that every vector 
from the at least (2n — 2)-dimensional space span(a l ,ft l ) is proportional to 7*, which gives us 
a contradiction. Thus, 7, = and equation (34) takes the form 

a, k aij + ft. k gij = 0. 

We have a :k = = ft. k , implying a = const =: Ci and ft — const =: C3. 

Therefore, the solution A^ — C 2 aij — C^gij vanishes at every point of U. By Corollary 4 it 
vanishes on the whole M. □ 

Thus, if the degree of mobility is > 3, by Lemma 5, for every solution (ay, Aj) of (3) such that 
const • gij, equation (11) holds in a neighborhood of almost every point of M (for some 
locally defined functions B and fi that could a priori depend on the solution (a^ , A^)). Our next 
goal is to show, that the function B is the same for all solutions: 

Corollary 5. Let (M 2 ",g, J) be a Kahler manifold of dimension 2n > 4 and assume that the 
degree of mobility is > 3. Then, the function B defined by equation (11) does not depend on the 
solution (dij,\i) of equation (3). 

Proof. Take the second solution (A^, Aj) of equation (3). Let us first assume that ffy, a^ and A^ 
are linearly independent. 

We know that (a^ + Aij 7 Xi + Aj) is again a solution. Adding equations (11) for (a^ , Aj) and 
(A^, Aj) with functions B and B' respectively and substracting the same equation corresponding 
to the sum of the both solutions (the correspondent function B for the sum of solutions will be 
denoted by B + ), we obtain 

= something • g tj + (B - B + )a i:j + (B' - B + )A io 

Combining Lemma 5 and the assumption that g,a and A are linearly independent, we obtain 
B = B + = B' as we claimed. 

Consider now the second case when g^, a^ and A t j are linearly dependent, i.e. (without loss 
of generality), A^ = Cg^ + Daij on M for some constants C and D. Thus, the corresponding 
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1-forms Aj and \ for and respectively are related by the equation Aj = DAj. Multiplying 
equation (11) by D we obtain 

(35) DXij = Dugij + DBa io = {Dfi - CB) gij + (D aij + Cg %0 )B 

This is equation (11) on (Ay, A,) with the same function B. Finally, in all cases, the function B 
is the same for all solutions of equation (3). □ 

2.4. In the neighborhood of a point such that g, a, and A are linearly independent, the 
function B is a constant. Our next goal is to show that the local function B we have found is 
a constant. 

Lemma 6. Let (M 2 ™,g, J) be a Kahler manifold of dimension 2n > 4. Suppose that in a neigh- 
borhood U C M there exist at least two solutions (ay,Aj) and (Aij,Ai) of (3) such that a, A and 
g are linearly independent at every point of U . Then the function B defined by equation (11) is a 
constant. 

The proofs for the cases dim M > 6 and dim M = 4 use different methods and will be given in 
sections 2.4.1 and 2.4.2 respectively. 

2.4.1. Proof of Lemma 6, if dim M > 6. First of all, the function B is smooth. Indeed, the 
trace-free version of (11) is 

(36) Aij - ^X k k ■ g l3 = B(a,ij - %\gij), 

where A := \a\, and the function B is smooth since it is the coefficient of the proportionality of 
the nowhere vanishing tensor (a^ — ^Xgij) and the tensor (Ajj — -^X k k ■ gtj). Since B is smooth, 
\x is smooth as well, as the coefficient of the proportionality of the nowhere vanishing tensor g^ 
and the tensor (Ajj — Baij). 

Thus, all objects in the equation 

(37) Xij = figij + Baij 

are smooth. We covariantly differentiate the equation and substitute aij_ k using (10) to obtain 

(38) Xijk — fJ-,k9ij + B,ka-ij + Ba,ij tk = fx^gij + B,k&ij + B ■ [X-vgyk + ^j'9i'k)- 
By definition of the curvature tensor, 

(38) 

(39) X p R% jk = Xijk - ^i,kj = fJ-,kgi 3 — fJ-jgik + B^dij - Bja ik + 

+ B ■ Jl-i (Xi'gj'k + Xjigi'k) — B ■ Jl k k (Xi>gk'j + ^k'9i'j) = 
= l l ,k9ij — f-,j9ik + B^aij — BjOik + BXjg ik — BXkgij + 

+ B ■ .r' ,.l y ylX.-gri, + X r g vk ) - BJ V \j k ' k X k ,g Vj 

Let us now substitute A, ; j in (12) by (37). The components with fi disappear because of the 
symmetries of g^ and the equation takes the following form: 

(40) a ia R" kl + aj a Rf kl = BJ\- 3 {awgy k + aiyg vk — awgyi — akj'9i'l) 

We contract this equation with A'. Applying the identity ai a R" k pX^ — afXpR k ^ a we obtain 

(41) ai^pR k j a + tf^pRkia = B ^ij 3 (^ a i3i'9j'k + X fj apfgi>k - a k i>Xj> - a kj >Xi>). 

Now we substitute the left hand side using (39). After substituting (9) for J?.- 7 and tensor 
manipulation, we obtain 

(42) g kj Kn ia - 2BX a a ta ) + g k i(a^, a - 2BX a a ja )+ 

+ a kj {a^B ta - (jL ti + 2BXi) + a ki {a^B ta - /ij + 2BXj) = 

= Bja ka a" + Bja ka a^ 
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Set £j := af — 2BX a a ia and rji :— afB^ a — /U j + 2B\i. Then 

(43) &g kj + (, 9ki + Vi a k 3 + Vj a ki = Bja ka af + B yi a ka af 

Remark 4. For further use let us note that if B = const, i.e., if B }i = 0, then the right-hand side 
of the last equation vanishes implying 7^ = 0. Then, 

(44) = 2B\ t . 

Let us now alternate (43) with respect to (i,k), rename j < — > k and add the result to (43). 
After this manipulation only the terms that are symmetric with respect to (j, k) remain, and we 
obtain 

(45) £ig jk + Vi a jk = B^a ka a" 

If B i 7^ 0, equation (45) implies that for certain functions C and D 

(46) Cg jk + Da jk = a ka a^ 
Let us now calculate Vfc(cii Q a"): 

(47) V fe (a ia a?) = a la , k a* + a ja ^ k a" = 

= Jlj'' (\i>a,j> k + \j'a vk + \ a a"gy k + A Q a" gi> k ) ^= 

= C\ k gij + D ik aij + DJ-j 1 {K'gyk + \j>gi> k ) 

Setting Si := X a af, — DXi, we obtain 

(48) J^ 3 {\i>aj> k + \j>ai> k + Sigj> k + Sjgi> k ) - C \ k gy y - D. k avy = 

To simplify this equation consider the action of the operator J k . 3 on it. After applying the 
properties of the complex structure, the equation takes the form 

(49) jff {\ V a yk + s v gy k ) - J*f (^fn./ + ^yW) = «• 

Alternating with respect to (i, k) and collecting the terms yields 
(50) 



<7« 3 



ay k \\i> + — I + gj> k I + — 
After denoting 



J kj 



x k> + — I + giy I + — 



= 



(51) r 4 = s 4 + -^-, T i = J l ' i T i ', g jk = J k ' k g jk ' 

(52) i/ i = Aj + ^, v i = J l ' i v v , a jk = J k ' k a jk ', 
equation (50) reads 

(53) (ngjk - T k gij) - {fig jk - f k gy) + {v t a jk - v k a i3 ) - {v t a jk - D k ay) = 
Let us now contract this equation with a certain vector field £ J . We obtain 

(54) (t-jOc - Tfc&) - (fiffe - fkli) = {viVk - v k r)i) - (pif\ k - v k f)i) 

where & = J 1 ' & , ^ = -a^ 3 and fji = J 1 ' ^ . 

If the vectors t,, £i, ?i and ^ are linearly independent, this equation implies that the 4- 
dimensional space 1(t, £) spanned over {t^, ^, fi, ^} coincides with Ky^ rj) spanned over {z/j, rji, Di, fji}. 
Indeed, these spaces are determined as the orthogonal complements to the kernels of the corre- 
sponding 2-forms 
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Ker{r,£) = {u l | ((nth - Tk&) - {nth ~ Tk&)) u l x k = for every x k } 

Ker(v,r)) = {u l \ {{v^k - ^kVi) - ("iVk - ^kVi))u l x k = for every x k } 

Since by (54) the forms are equal, the subspaces are equal as well. 

12 1212 
If dimM > 6, there exist two vectors £ J and £ J such that {r^, fj, £,} are linearly 

1 2 

independent. Then 1(t, £) and Z(r, £) intersect along the 2-dimensional subspace spanned by the 

12 12 

vectors {r^Ti}. The corresponding vectors V and V determine spaces l(v,V) and l(v,V) which 
intersect along the subspace spanned by the vectors {vi,Vi})- Since the 4-dimensional spaces are 
pairwise equal, one obtains 

(55) span{Ti, fj = span{vi, 
Then, for certain functions p, q we have 

Ti=pvi + qvi, fi=pvi-qvi. 
Let us now substitute this in (53). After collecting terms, we obtain 

(56) Vi(pg 3 k + qJ k k9jk> + a,jk) - v k {pg l3 +qj l , t g Vj + a {j ) = 

Vi(pJ k k9jk> - qgjk + J k k a jk) - Vk{pJ l jffi'j - qgtj + J 1 l a l > j ). 

Defining 

(57) Lo jk = P gjk +qJ k k 9jk' + a jk , 

(58) uj fk =pj k k g jk , - qg jk + J k k a jk , 
we can rewrite equation (56) in the form 

(59) ViUjk - Vk^ji = VibJ 3 k - VkUji 

This equation has the same structure as (53), but with a non-symmetric, hermitian bilinear 
form LOjk ■ One can easily see that it holds if and only if 

(60) uijk = oijVk + J 3 jJ k kOtj'Vk' 
for some covector ctj . 

Substituting lo in (57) and alternating the result, we obtain 

2< l jk k9jk' = OLjVk - a k Vj + J 3 } J k k (uyv k ' - OLyVj,). 

Let us now consider this equation as an equality between two bilinear forms. The rank of the 
right-hand side is not greater then 4, while the left hand side is nondegenerate unless q ^ 0. Since 
dimM > 6 we have q = and tOjk is symmetric by (57). Thus, 

(61) LOjk = aivjVk + J 3 jJ k kfj'Uk'), 

where a is a scalar function. It immediately follows that (after renaming of variables) 

(62) aij = piuiUj + J 1 ^J 3 jU V Uji) + qgij, 

where p, q — are certain functions and Ui is a covariant vector field. 

We have shown that if in a neighborhood of some point there are two linearly independent 
solutions of the extended system with non-constant B, then each solution has the special form (62). 
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Now we would like to show that the function q, corresponding to a solution as was given in 
equation (62), is a constant. In order to do this, take an arbitrary U l E span{w\ u t } ± . Contract- 
ing (62) with U l we see that 

a la U a ^qU t 

Hence all vectors, orthogonal to u and u, correspond to the eigenvalue q of a* = g la a a j. Taking 
the derivative of the equation above and inserting equation (3) yields 

XiUk + X a U a gik - KUk - \ a U a Jik + a ia U a k = q^Ui + qU^k 
Contracting this equation with U % gives 
(63) 2X a U a U k - 2\ a U a U k = q, k U a U a . 

Thus, q tk E span{C4, U k } unless U a U a = 0. 

Given any vector U % E spanjw, u} x , such that U a U a ^ 0, we can construct a second vector 
W i E span-jw,^ such that W a W a ^ and span{[/ 1 , U*} n span{VP, W 1 } = {0}. In this_case, 
using equation (63) for U l and W l , we obtain that q is a constant (because q k E span{C4, Uk} fl 
span{Wfc, Wk] = {0}). It remains to show that such a vector U l exists. Assuming each vector IP E 
spanju, u} 1 - satisfies U a U a = 0, we obtain that U a W a = for all U % ,W l E span{u, u} ± . Since 
dimM > 6, this means that dim span{u, u} = dim ((span{w, u})- 1 -) 1 - > 4 which is a contradiction. 

Using that q is a constant, we can substract the trivial solution qg^j from ct^ and include the 
function p in the vector field Uj. In other words, without loss of generality, d{j is given by 

a t j — ■ u i u j I J ^ J j u 1 1 iii j ' . 

Note that u 3 is an eigenvector of a* as well. If the corresponding eigenvalue is a constant, all 
eigenvalues of a*- are constant. Hence, the trace of a* is constant, and the 1-form Aj = \{a k ),i is 
identically zero. Inserting Aj = in equation (11), we see that 

= fjbgij + Baij 

By Lemma 5, [i = B = 0, since gij and a*j are assumed to be linearly independent. We see 
that in this case B — const as we claim. 

Now consider the case when the eigenvalue corresponding to the eigenvector u % is not constant. 
We obtain that span{Aj,Aj} = span{tij,Uj}, since Aj and Aj are contained in the sum of the 
eigenspaces, corresponding to the non-constant eigenvalues. Consider the second solution 

■/ ■> 

Aij = ViVj + J 1 iJ 1 jVi'Vf 

of the extended system, such that ay, Aij, are linearly independent. By Aj, we denote the 
1-form corresponding to . The sum 

+ A^ = UiUj + J 1 { J 3 -u v uj> + v^j + J 1 { J j jVi'Vj* 
is again a solution of equation (3) and hence, can be written as 

a-^ + A,^ = WiWj + J 1 iJ 3 jWi'Wji + Qg tj 
Comparing the last two equations, we see that 

Qgij = UiUj + UiUj + ViVj + ViVj - WiWj - WiWj. 
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Since span{Aj,Aj} = spanjuj, Ui}, span{Aj, Aj} = span{uj,Wj} and span{wj,«)j} = span{Aj + 
Aj, Ai + Aj}, the right-hand side has rank at most 4 and therefore, Q = 0. Let us rewrite the last 
equation in the form 

WiWj + WiWj = UiUj + UiUj + ViVj + ViVj 

Since the left hand side has rank 2, m, u~i, Vi and Vi are linearly dependent and the intersection 
spanjiti, Ui} nspan{w i; Vi} is non-empty. Since it is also ./-invariant, we obtain that span{u i; fli} = 
sp&n{vi,Vi}. Thus, n = aui + (3u i7 for some real constants a, (3. It follows, that Vi — aui — flm 
and we obtain 

v^j + ViVj — (au{ + j3ui){auj + j3v,j) + (au~i — j3ui){auj — j3v,j) 
= (a 2 + j3 2 ){uiUj + UiUj) 

Inserting this in the original formulas for a^- and A^j , we see that = const • A; t j . We obtain 
a contradiction to the assumption that a^- and Aij are linearly independent. Lemma 6 is proved 
under the assumption dimM > 6. 

2.4.2. Proof of Lemma 6 in case dimM = 4. 

Lemma 7. Let (M ,g, J) be a Kahler manifold of dimension 2n = 4 and assume that the degree 
of mobility of the metric g is > 3. Then g has constant holomorphic sectional curvature —4B, 
where B is defined by equation (11). In particular, B is a constant. 

Remark 5. As we see, Lemma 7 contains an extra statement: not only B — const, but also 
the metric g has constant holomorphic sectional curvature. This result was actually unexpected. 
Indeed, the analog of dimension 4 in the theory of projectively equivalent metrics is 2, and in 
dimension 2 there exist metrics of non-constant sectional curvature admitting 4-parametric family 
of projectively equivalent metrics. 

Proof. We will work in a small neighborhood of the point p G M, such that there exist three 
solutions gij. and A^ of equation (3), linearly independent at p. 
Using equation (11), we substitute Ajj in equation (7) to obtain 

(64) a la R% t + a ja R? kl = -4B(a la K? kl + a oa K? kl ), 

where K is the algebraic curvature tensor of constant holomorphic sectional curvature equal to 1 , 
namely 



K fki = -^( S k9jl - &i9jk + J a k J ]i - ja i J jk + 2J a jJ k l). 

Let us define the (l,3)-tensor Gj kl = Rj kl + ABKj kl . This new tensor has the same algebraic 
symmetries as the Riemannian curvature tensor R (including the Bianci identity), in particular, 
it commutes with the complex structure J: 

(65) Gij k i = —Gji k i , 

(66) Gij k i = GkHj 7 G 1 akl J a : j — J 1 a Gf kl 

In addition, from equation (64) it follows, that G t - kl satisfies 

(67) a ia G« kl +a aj Gf kl =0 

for each solution (a^ , Aj) of equation (3), ^ const • g^. 
Our goal is to show that Gj kl = 0. 

For an arbitrary skew-symmetric (2,0)-tensor co kl consider the linear operator 

G( W )j :=G) kl u kl . 
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Since g is hermitian, there exists a basis in T p M such that the matrices of g and J are given by 



A 






( 


-1 \ 




i 


J = 


1 






e 






-1 


V 


*) 






1 / 



9 = 



where e = ±1 depending on the signature of g. Fixing this basis, we will work in matrix notation. 
Since g is non-trivial, it is important to note that letters J, a and G(u>) correspond to matrices of 
linear operators, i.e. (1, l)-tensors. By g we denote the matrix of the (0, 2)-form gij. 

All matrices we are working with commute with the complex structure J. It is a well-known fact 
(that can be checked by direct calculation) that matrices, commuting with the complex structure, 
are "complex" in the sence that they have the form 

/ ai Pi a 2 
~Pi ai -/? 2 

Ce 3 j3 3 014 

\-/3 3 a 3 

Using this form one can define the nondegenerate K 



(68) 



(69) 

given by the formula 



V> : {Q G Mat(4,4,R) | QJ 



M 

OL-l 
fa 
Oli) 

-linear mapping ip 
JQ} -)■ Mat(2,2,C) 



-Pi 
a 3 

VV-/33 



Pi 
a 3 



a 2 

-04 



a 2 

OLiJ 



\ 



ai + ifii 
a 3 + i/3 3 



0-2 + i&2 
a 4 + i/3 4 



tp(Q) , where " — " denotes the 



It is easy to check that ip(QiQ2) = ip{Qi)^{Q2) and tp(Q T ) 

complex conjugation. Moreover, ip{J) = i ■ 1 and ip{g) = ^ 

To simplify the notation we will identify a matrix with its image under the mapping -0, for 
example a and ip(a) are identified, as well as g and tp(g). 
Since is symmetric, it satisfies the equation 



(70) ga = (ga) 

Thus, there exist real numbers a, (3 and a complex number Z such that 



(71) 



By assumptions there exist three solutions a^, Aij, g^ which are linearly independent at the 
point. Then there exists a nontrivial (i.e., ^ c • g at the point we are working in) solution such 
that a = (3 = 0. Without loss of generality we think that the solution has a = j3 — and 
Z^O, i.e. 



(72) 



q z 

Z 



Consider now the restrictions that equations (65) and (67) impose on the complex form of G(u>). 
Since G(oj)ij is skew-symmetric 

gG(u>) = -(^GR) T . 

Thus, G(co) has the form 
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for certain real numbers a, f3 and a complex number W. The last condition we have to make use 
of is 

aG(uj) = G(u>)a 

Since a is simple (moreover, has different eigenvalues) every matrix that commutes with a is a 
polynomial of a. (Recall that the matrix a in our convention corresponds to the (1, l)-tensor a*-.) 
Thus, G(u>) = C ■ a + D ■ 1 for certain complex numbers C and D. Using the explicit form of a 
and G(u>) (see (72) and (73)) we obtain 

^ (-W ip) =c (z o) +D (o i 



which implies that both D = ia = i(3 and C — ^ = — (^) are purely imaginary. Finally we 
obtain 

(75) G(u) =i-c-a + i-d-l 

with real coefficients c, d. If we assume c ^ 0. then G(w) has different eigenvalues. Thus, G(ui) 
is simple. Let us consider another solution A of equation (3). Since it commutes with the simple 
matrix G{uj) it is a polynomial of G(co): 

(76) A = tG(u)+v1 
Subsituting the explicit form of A = ( ^ H A J we obtain 



3yi 



(77) U /3j =T (v-W W + > 1 

which implies that t = it is purely imaginary and v is real. Therefore, equation (76) implies 
that all solutions of (11) are contained in the 2-dimensional space itG(w) +vl, which gives us 
the contradiction. Then, c = 0. Thus, from (75) we obtain that for every u> the operator G(oj) is 
proportional to the complex structure: in the initial "real" notation, we obtain 



(78) GH^dHJV 

Since the left hand side is linear in lj m , it follows that d(cj) = duuj kl and hence Gj kl uj kl — 
dki0J kl J l j implying Gijki = dkiJij- Using the symmetry relations (65) for djki we obtain dkiJij = 
dijJki and therefore dki — cJm for some constant c^O. Let us show that Gijki = cJijJki does 
not satisfy the Bianci identity unless c = 0. By direct computation we obtain 

= Gi 234 + G1423 + G1342 — c(Jl2 J34 + J14J32 + J13J42) — c(l -1+0-0 + 0-0) — C. 

Thus, G) kl = 0. 
Finally, 

= Gjki = Rj k i + 4BKf kl , 

i.e. our metric g has pointwise constant holomorphic curvature — AB (at almost every point, and 
therefore at every point of M). Thus, M has constant holomorphic sectional curvature (see for 
example [22, chapter 8]). Then B is a constant and Lemma 6 has been proved for dimM = 4. 

□ 

2.5. Last step in the proof of Theorem 5. Above, we proved the following 

Statement. Let (M 2n ,g, J) be a connected Kahler manifold of dimension 2n > 4. Assume the 
degree of mobility D of g is > 3. Then, for every solution (a^ , Aj) of (3) such that ^ const -g^, 
almost every point of M has a neighborhood such that in this neighborhood there exists an unique 
constant B and a scalar function fi such that the "extended" system (6) holds. 

Indeed, the first equation of (6) is equation (3) and is fulfilled everywhere. The second equation 
is fulfilled almost everywhere by the results of the previous sections. Now, as we noted in Remark 4, 
at every open set such that the second equation is fulfilled, the third equation is fulfilled as well. 
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FIGURE 1. There exists q on 7 P ^ such that Ai = at q. 



Remark 6. The above statement is visually close to Theorem 5, the only difference is that in The- 
orem 5 the constant B and the function /i are universal (i.e., do not depend on the neighborhood). 
We will prove it in this section. 

First let us prove 

Lemma 8. Assume that in every point of an open subset [/CM the extended system (6) holds 
(for a certain constant B). Then, in this neighborhood, the function X := \a\ satisfies Tanno's 



Remark 7. Recall that the differential of the function A is precisely the covector Ai from (2), i.e., 
A,, = Ai, see the discussion after Theorem 1. 

Proof. If B is a constant, the function fi is smooth as the coefficient of the proportionality of the 
nonvanishing smooth tensor gij and the smooth tensor (Xi.j — Bciij). 

We take the covariant derivative of the second equation of the "extended" system and substitute 
the first and the third equations inside. In view of Ai = A^, we obtain 



Now let us prove that the constant B is universal. It is sufficient to prove this in a neighbor- 
hood W{q) of an arbitrary point q. Indeed, every continuous curve c : [fo,ii] ~~ ► M 2n lies in finite 
number of such neighborhoods W. Since the constants B for two such intersected neighborhoods 
must coincide, the value of B at the point c(io) equals the value of B at c{t\). Since the man- 
ifold is assumed to be connected, the constant B is therefore universal, i.e., is the same for all 
neighborhoods. 

Let W C M be a sufficiently small neighborhood. Without loss of generality we can assume 
that W is geodesically convex, that is, every two points p,p £ W can be connected by a unique 
geodesic segment lying in W. 

We want to show that each two open sets contained in W such that they are as in the statement 
above have the same constant B. Let U, U C W be nonempty open sets such that in these sets 
the extended equations (6) are satisfied with constants B for U and B for U . 

We assume B ^ B. We take a point p E U and connect this point with every point p £ U by a 
geodesic j PtP : [0, 1] -)■ W, 7 P ,p(0) = p, 7 P ,p(l) = P (see Fig. 1). 

Let us show that 7 p> p contains a point q such that Ai = at q. Indeed, contracting equation (79) 
with g y we obtain 




B(2\,k9ij + X,i9jk + X,j9ik — X.iJjk — A j- Jik). 



X,ijk = M.fc ' 9ij + Baijj, — 2BX k ■ + B{X l g jk + X J g l k - X l J jk - X } J lk ) 
= B(2Xk ■ 9ij + Xtgjh + X 3 g lk — XiJ ]k — X 3 J lk ). 



□ 



(80) 



AA, fc =AB{n+l)X k . 
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If Aj ^ at all points of the geodesic 7 PjP , we can find a vector field in some neighborhood 
C/(7 Pj p) of the geodesic 7 PiP such that Aj£ 4 ^ at all points of this neighborhood U(-f p ^). Then, 
the function 

( 81 ) 4(n+l)A fc e 

is well defined and smooth in U(-y P! p). Comparing (80) with (81), we see that in a neighborhood of 
almost every point it is equal to the constant B in this neighborhood, so it is constant on U(j Pv p). 
Then, B — B which contradicts our assumption. Finally, there exists a point q of the geodesic 
-fp.p such that Aj = at q. 

By Corollary 2, Aj is a Killing vector field. Then, the function 7 PiP -Aj is constant on the geodesic 
7 P .p. Since it vanishes at q, it vanishes at all other points of 7 P ,p, in particular we have that at the 
point p = 7 P ,p(0) the vector A 4 is orthogonal to 7 Pp -(0). 

The same is true for every geodesic connecting the point p with any other point of U. Then, 
the vector A 4 at p is orthogonal to many vectors (to all initial vectors of the geodesies starting 
from p and containing at least one point of U); thus Aj = at p (see Fig. 2). 




Replacing the point p by any other point of the neighborhood U, we obtain that Aj = at all 
points of U. By Corollary 3, A, = on the whole manifold. Substituting Aj = in the extended 
system, and using that g^ is not proportional to a^ , we see that B = (at almost all points of 
manifold) . 

Thus, the constant B is universal on the whole connected manifolds. Theorem 5 is proved. 



3. The case B = 

By Corollary 5, we already now that the global constant B, arising in the extended system (6), 
does not depend on the solutions (ajj,Aj) of equation (3). In this section we want to investigate 
the case when B = 0. Our goal is to prove the following 

Theorem 6. Let (M 2n ,g, J) be a closed connected Kahler manifold of dimension 2n > 4 and of 
degree of mobility > 3. Suppose the constant B in the system (6) is zero, then Aj = on the whole 
M for each solution (ay, Aj) of equation (3). 

In particular, every metric g, h-projectively equivalent to g, is already affinely equivalent to g. 

Proof. If B = 0, then [i = const by the third equation from (6), and the second equations reads 
Xij = const • gij. Then, the hessian Ajj of the function A := is covariantly constant. 

Since the manifold is closed the function A has a minimum and a maximum. At a minimum, 
the Hessian must be non-negatively definite, and at a maximum it must be nonpositively definite. 
Therefore the Hessian is null, and Aj is covariantly constant. But as it vanishes at the extremal 
points, it vanishes everywhere. Thus, Aj = as we claim. By Remark 2, every metric g, h- 
projectively equivalent to g, is already affine equivalent to g as we claim. □ 
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4. IF B ^ 0, THE METRIC —B ■ g IS POSITIVELY DEFINITE 

Now let us treat the case when the constant B in the system (6) is different from zero. Let 
(M 2 ™ , g, J) be a connected Kahler manifold of dimension 2n > 4. Let (ay, Ai,/i) be a solution 
of (6). Since B ^ 0, we can replace g by the metric —B-g (having the same Levi-Civita connection 
with g). 

Then, for every solution (ay , Aj , fi) of the system (6), the triple {—B ■ ay , Aj , — -g fi) is the 
solution of (6) corresponding to the metric g' := —B ■ g with the constant B = — 1. Indeed, the 
Levi-Civita connections of g and g' coincide, so substituting (— B-dij, Aj, — -jj/i, — £>g, —1) instead of 
(ay , Aj, /i, o, -B) in the extended system gives the system which is equivalent to the initial extended 
system. 

Note that the mapping (ay, Aj, a) M> (— £> • ay, Aj, — -g/i) is linear and bijective, so the degrees 
of mobility of <? and — Bg are equal. Thus, if B ^ 0, in the proof of Theorem 2, without loss of 
generality we can assume that B = — 1. 

The goal of this section is to prove the following 

Theorem 7. Let (M 2n ,g, J) be a closed connected Kahler manifold of dimension 2n > 4. Suppose 
(ay, Xi, pi) satisfies 

■i / 

a-i 3 ,k = Jl/ {Xi'Qfk + X-jigi'k) 
( 82 ) Xij = ngij - ay, 

M,i = ~ 2Aj 

and Ai ^ at /east at one point. Then, the metric g is positively definite. 

Remark 8. The assumption that the manifold is closed is important - one can construct examples 
of complete pseudo-Riemannian Kahler metrics admitting nontrivial solutions (ay,Aj,/x). Sim- 
plest examples are pseudo-Riemannian Kahler manifolds of constant holomorphic curvature 4. 
Examples of nonconstant holomorphic curvature also exist and can be constructed similar to [3, 
Example 3.1]. 

We need the following 

Lemma 9. Let (ay, Xi,n) be a solution of the system (82) such that dij = 0, Xi = 0, /i = at 
some point p of the connected Kahler manifold (M 2n 7 g, J). 

Then aij = 0, Xi = 0, \i = at all points of M. In particular, the degree of mobility is always 
finite. 

Proof. The system (82) is in the Frobenius form, i.e., the derivatives of the unknowns ay, Ai,a 
are expressed as (linear) functions of the unknowns: 



aij,k N 


\ ( a ij 




Hi 







and all linear systems in the Frobenius form have the property that the vanishing of the solution 
at one point implies the vanishing at all points. □ 

The rest of this section is dedicated to the proof of Theorem 7. Our first goal will be to show, 
that it is possible to choose one solution of the system (82) (under the assumptions of Theorem 7) 
such that the corresponding operator a* = g la a a j has a clear and simple structure of eigenspaces 
and eigenvectors. 

4.1. Matrix of the extended system. In order to find the special solution of (82) mentioned 
above, we rewrite a solution (ay, Xi,n) as a (1, l)-tensor on the (2n + 2)-dimensional manifold 
M = K 2 x M with coordinates (x + , X-, xi, . . . ,X2 n )- For every solution (aj, A,,/i) of the system 

M 
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(82), let us consider the (2n + 2) x (2n + 2)-matrix 



(83) 



L(a,X,fi) 



( » 








A* 


A 1 


A 1 



Al ... A2n \ 
Al ... A2n 



/ 



V A 2 ™ A 2 ™ 

where A, = J 4 ^Aj/. The matrix L(a, A, fi) is a well-defined (1, l)-tensor field on M (in the sense 
that after a local coordinate change in M the components of the matrix L transform according to 
tensor rules). 

Remark 9. We consider the metric gij as a solution of the system (82) with Ai = and fi = 1. 
Thus 



/ 1 





(84) 



£(s,o,i) 







V o o 



\ 





/ 



Remark 10. We see that the matrix L contains as much information as the triple (djj,Aj, fx), so 
in a certain sense it is an alternative equivalent way to write down the triple. In the next section, 
we will see that the matrix formalism does have advantages: we will show that the polynomials of 
the matrix L also correspond to certain solutions of the extended system. 

Let us also note that there is a visually similar construction in the theory of projectively equiv- 
alent metrics, which uses cone manifolds, see [32, 33, 3]. However, in the case of /i-projectively 
equivalent metrics, the extended operator is not covariantly constant (as in the theory of projec- 
tively equivalent metrics) which poses additional difficulties. 

4.2. Algebraic properties of L. A linear combination of two matrices of the form (83) is also 
a matrix of this form, and corresponds to the linear combination of the solutions (with the same 
coefficients). The next lemma shows that the fc-th power of the matrix also corresponds to a 
solution of the extended system. 

Lemma 10. Let (a, X, fx) be a solution of (82). Then, for every k > there exists a solution 
(a, A, fi) such that 

L k (a, A, fx) = L(a, A, jx), where L k — L ■ ■ L . 

k times 

Proof. Given two solutions (a, A, /i) and (A, A, M.) of (82), let us calculate the product of the 
corresponding matrices L(a,X,/j) and L(A, A, M): by direct calculations we obtain 



(85) L(a, A, y) ■ L(A, A, M) = 

( iiM + A fc A fe A fc A fc 

fiM + X k A k 



\ k A k 



MX 1 + a\K k MX 1 + a\K k 
\ MX 2n + a 2 k n A k MX 2n + a 2 k n A k 



+ X k A\ . . . nA 2n + XkA\ n \ 
/iAi + X k A k . . . ^A 2n + X k A^ n 



a\A k + A 'A, + A 'A, 



Suppose that 

(86) 

then 



fiAj + X k A k = MXj + a k A k and A*A fc = 



(87) 



L(a, A, n) ■ L(A,A,M) = L{a l k A k + X i A J + A'Aj , fiA, + X k A k ,[iM + X k A 
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Now we show that the operator L(a, X, fi] is self-adjoint and a, A and jl satisfy (82). 
Indeed, let us check the first equation of (82): 

(88) 

— — — — — — (82) 

O'ij.k = ( a i S Aj + AjAj + AjAj)^ = a is ^ k Aj + afA S j^ k + A^Aj + AjAj^ + Aj^Aj + XiAj tk = 
= AjAiff afc + A s jX s g ik + A^XiJ 3 ' 8 g 8 , k + A s jX s J i ' i g^ k + 
+ a s i Ajg.sk + atA s g jk + a & i A J J s ' s g s/k + a?A s J 3 j g j >k+ 
+ MfifeAj - a ikAj + Mg jk Xi - A jk X t + /j,J z ^kAj - J 1 ^^Aj + MJ 3 ^gykK - J 3 jAj^Xi = 
= g lk {X s A s j + fj,Aj) + gjk{A s at + MXi) + i g l ' k (X s A s j + fiAj) + J 3 ' ^^(Asd? + MX<) ( = ] 

= Jij 3 (Xi>gj>k + Xj'gi'k) 

For the second equation one can calculate: 

(89) A a = (Mi + ^jA 3 i),k = M,feA 4 + Ma + ^j.kAj + X 3 A ijik = 

= -2X k A l +i^Mg lk -fiA ik +^A lk -a jk A : >+X j A i g jk +X J A jgik +X 3 J 3 ' jI^A^gj^+X 1 ' J 3 ' , y f ^g,^ = 

= (fj,M + X 3 Aj)g ik - (X k Ai + X k Ai + A i:j a 3 k ) + X 3 AjJ l t g llk ( = } jlg kl - a kl 

From this equation we see that dij is symmetric as a linear combination of two symmetric tensors. 
The last equation of (82) reads 

(90) jl.i = {liM + X k A k ) ti = n^M + fj,M,i + X k .iA k + X k A k . { = 

{8 = -2X i M-2A if i+A k ( f ig lk -a lk ) + X k (Mg lk -A lk ) = -{nA l +X k A k )-{MX l +A k a k ) { = ] -2\ 

Thus, (a, X, fi) is a solution of (82). 

Let us now show that the operator L(A,A,M) = L k (a, X,n) satisfies the conditions (86). 
Since L k ■ L = L ■ L k , using (85) we obtain 

nAj + X k A k = MXj + a k A k 

The last condition will be checked by induction. Suppose A l A^ = then 

AV\A 2 , = A* • r'^Ai, + X k A k ) = n ■ + X k (J\A kl ,)X = 

which completes the proof of Lemma 10. □ 

From Lemma 10, we immediately obtain 

Corollary 6. Let (a,j,A,,/i) be a solution of (82) and P(t) = c k t k + ■ ■ ■ + c be an arbitrary 
polynomial with real coefficients. Then there exists a solution (Aij, Aj, A4) of (82) such that 

L{Aij,Ai,M) = c fe • L k (aij,Xi,n) H h 1 := P(L(aij,Xi,fj,)), 

where 1 is the identity (2n + 2) x (2n + 2) — matrix. 

4.3. There exists a solution (a,ij,Xi,ji) such that L(&ij, Xi, jl) is a projector. We assume 
that (M 2n - i ,g, J) is a closed connected Kahler manifold. Our goal is to show that the existence 
of a solution (ay, A,,/i) of (82) such that Aj ^ implies the existence of a solution (ay, Aj, ft) of 
(82) such that the matrix L(dy, Aj,/t) is a non-trivial (i.e. ^ and ^ 1) projector. (Recall that 
a matrix L is a projector, if L 2 = L.). We need 

Lemma 11. Let (M 2n ,g, J) be a connected Kahler manifold and (aij, Aj,^t) be a solution of (82). 

Let P(t) be the minimal polynomial of L(a, X, fi) at the point p G M. Then, P(t) is the minimal 
polynomial of L(a, X, ^) at every q G M. 

Convention. We will always assume that the leading coefficient of a minimal polynomial is 1 . 
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Proof. As we have already proved, there exists a solution (a^, \ such that 

P{L{a,\,n)) = L(a,X,fi). 

Since P(L(a, A, /j,)) vanishes at the point p = (x + , X-,p), then a = 0, A = and jl = at p. Then, 
by Lemma 9, the solution (oy, Aj, /i) is identically zero on M. Thus, P(L(a, A, /Li)) vanishes at all 
points of M. It follows, that the polynomial P(t) is divisible by the minimal polynomial Q(t) of 
L(a, A, /li) at q. By the same reasoning (interchanging p and q), we obtain that Q(t) is divisible by 
P(t). Consequently, P(t) =Q(t). □ 

Corollary 7. TTie eigenvalues of L(a, X, fi) are constant functions on M. 

Proof. By Lemma 11, the minimal polynomial does not depend on the point of M. Then, the 
roots of the minimal polynomial are also constant (i.e., do not depend on the point of M). □ 

In order to find the desired special solution of the system (82), we will use that M is closed. 

Lemma 12. Suppose (M 2n ,g,J) is a closed connected Kahler manifold. Let (ajj, Aj,/i) be a 
solution of (82) such that Aj ^ at least at one point. Then, at every point of M the matrix 
L(a, A,/i) has at least two different real eigenvalues. 

Proof. Since M is closed, the function fj, admits its maximal and minimal values /z max and ^ m i n - 
Let p G M be a point where /x = ti ma x- At this point, /i ; j = implying A, = Aj = in view of the 
third equation of (82). Then, the matrix of L(a, A, fi) at p has the form 



/ Mmax 

/i ma: 



(91) 



L{a, A, n) 







V o o 







/ 



Thus, ^ max is an eigenvalue of L(a, A, /j.) at p and, since the eigenvalues are constant, yu max is 
an eigenvalue of L(a, A, pb) at every point of M. The same holds for /U m i n . Since Aj ^ 0, fi is not 
constant implying ^i max ^ Mmin- Finally, L(a,X,fj,) has two different real eigenvalues ^ max ,^ m i n 
at every point. □ 



Remark 11. For further use let us note that in the proof of Lemma 12 we have proved that if 
/U i = at a point p then /j,(p) is an eigenvalue of L. 

Finally, let us show that there is always a solution of (82) of the desired special kind: 

Lemma 13. Suppose (M 2n , g, J) is a closed and connected Kahler manifold. For every solution 
{aij,Xi,n) of (82) such that Xi is not identically zero on M, there exists a polynomial P(t) such 
that P(L(a, A 7/ u)) is a non-trivial (i.e. it is neither nor 1) projector. 

Proof. We take a point p € M. By Lemma 12, Z/(a,j, Aj,/u) has at least two real eigenvalues at 
the point p. Then, by linear algebra, there exists a polynomial P such that P(L(aij, Aj, fj,)) is a 
nontrivial projector at the point p. Evidently, a matrix C is a nontrivial projector, if and only if 
its minimal polynomial is t(t — 1) (multiplied by any nonzero constant). Since by Lemma 11 the 
minimal polynomial of P(L(dij, Aj, /u)) is the same at all points, the matrix P{L{a i j,X il fi)) is a 
projector at every point of M. □ 

Thus, (under the assumptions of Theorem 7), without loss of generality we can think that a 
solution of the system (82) on a closed and connected Kahler manifold M with degree of mobility 
> 3 is chosen such that the corresponding L is a projector. 
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4.4. Structure of eigenspaces of a*, if L(a,X,fi) is a nontrivial projector. We assume 
that L{a, A,/i) is a nontrivial projector. Then, it has precisely two eigenvalues: 1 and and the 
(2n + 2)-dimensional tangent space of M at every point x = (x + ,X-,p) can be decomposed into 
the sum of the corresponding eigenspaces 

T X M = E L{aM (1) E L{aM (0). 

The dimensions of -El( q ,a,^) (1) and of i?L(a, a, ^i)(0) are even; we assume that the dimension of 
EL( a .\,n)(l) is 2fc + 2 and the dimension of -El( q ,a.^) (0) is 2n — 2k. 

By Lemma 12, /i max and /x m i n are eigenvalues of L(a, A, /i). Then, jj, m i n = < fi(x) < 1 = /i m ax 
on M. In view of Remark 11, the only critical values of \i are 1 and 0. 

Lemma 14. Let {aij,\i,ji) be a solution of (82) such that L(a,\,[i) is a non-trivial projector. 
Then, the following statements hold: 

(1) At a point p such that < jj, < 1, dj has the following structure of eigenvalues and 
eigenspaces 

(a) eigenvalue 1 with geometric multiplicity 2k; 

(b) eigenvalue with geometric multiplicity (2n — 2k — 2); 

(c) eigenvalue (1 — [i) with multiplicity 2. 

(2) At a point p such that /j, = 1, a l j has the following structure of eigenvalues and eigenspaces: 

(a) eigenvalue 1 with geometric multiplicity 2k; 

(b) eigenvalue with geometric multiplicity (2n — 2k); 

(3) At a point p such that fx = ; a* has the following structure of eigenvalues and eigenspaces: 

(a) eigenvalue 1 with geometric multiplicity 2k + 2; 

(b) eigenvalue with geometric multiplicity (2n — 2k — 2). 



Convention. We identify M with the set (0,0) x M C M. 
consider T X M as a linear subspace of T(q i0 ) xx M: the vector {v\. 
(0,0, V!,...,v n ) e T (0fi)xx M. 

Proof. For any vector v E E\ = E L ^ a x. ll ){^-) C\TM we calculate 



This identification allows us to 
...,w„) <G T X M is identified with 



(92) 



L(a, A, fi)v = 



e E 1 = 




( » 










A 1 


A 1 



V A 2 " A 2 " 



Ai 
Ai 



A2n \ 

A2n 



/ o \ 





\ v 2n J 



( o \ 





Thus, v — (v 1 
both A 4 and A 



is an eigenvector of a* with eigenvalue 1. 

Er 



\ v 2n 

Moreover, it is orthogonal to 
Similarly, any v G E a = E L ( aX ^){0)r\T x M is an eigenvector of a* with eigenvalue 
and it is orthogonal to A 1 and A 1 . Note that the dimension of Ei is at least dimi? L ( a A , AI )(1) — 2 = 2k, 
and the dimension of E is at least dimE L ^ a ^x^)(0) — 2 = 2n — 2k — 2. 

Thus, at every point x there are three pairwise orthogonal subspaces in T X M: E\, E a and 
span{X l , A 1 }. 

If < pi < 1 at x, \i ^ by Remark 11. Then, the dimension of E\ © E © span{A\ A 1 } is at 
least 2n - 2k - 2 + 2k + 2 = 2n. Since E x © E © span{A i , A 1 } C T X M, the dimension of E x is 
2n - 2k - 2 and the dimension of E is 2k, and Ex © E © span{A l , A 1 } = T X M. 

Let us now show that A 1 and A 1 are eigenvectors of a J with the eigenvalue (1 — ji). We multiply 
the first basis vector (1,0,..., 0) by the matrix L(a, A, fi) 2 — L(a, A, /i) (which is identically zero). 
We obtain 

/ 1 \ 





(93) 



Q=(L(a,\,n) 2 -L(a,\,fi)) 







V o 7 



/ 



+ A j A J '- / u \ 
AjA* 



^A* 



A 1 
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This gives us the necessary equation a*- A- 7 = (1 — /i)A*. 

Finally, we have that T^M is the direct sum Ei(&E (& span{A\ A 1 }; Ei consists of eigenvectors 
of a,j with eigenvalue 1 and has dimension 2n — 2k — 2, E\ consists of eigenvectors of a* with 
eigenvalue and has dimension 2k; spanlA^A 2 } consists of eigenvectors of a* with eigenvalue 
(1 — fi) and has dimension 2, as we claimed in the first statement of the lemma. 

The proof at the points x such that fi(x) = or fj,[x) = 1 is similar (and is easier), and will be 
left to the reader. □ 

4.5. If there exists a solution (a, A, fj) of the system (82) corresponding to a non-trivial 
projector, the metric g is positively definite on M (assumed closed). Above we have 
proved that, under the assumptions of Theorem 7, there always exists a solution (ay, Aj, /it) of 
(82) such that the corresponding matrix L(a, A, fi) is a non-trivial projector, implying that the 
eigenvalues and the dimension of eigenspaces of a] is given by Lemma 14. Now we are ready to 
prove that g is positively definite (as we claimed in Theorem 7). 

Let us consider such a solution (ay, Aj,/i). We rewrite the second equation in (82) in the form 

(94) n ti j = 2ay - 2fj,gij 

Let p be a point where fi takes its maximal value 1. As we have already shown, X l (p) = and the 
tangent space T p M is the direct sum of the eigenspaces of aj : 

T p M = E 1 @Eq 

Consider the restriction of (94) to E . Since the restriction of the bilinear form ay to Eq is 
identically zero, the restriction of (94) to E reads 

M,u'Ie — — 2 gij\ Ea ■ 

Now, [i.ij is the Hessian of /i at the maximum point p. Then, it is non-positively definite. 
Hence, the non-degenerate metric tensor <jry is positively definite on Eq at p. Let us now consider 
the distribution of the orthogonal complement E^, which is well-defined, smooth and integrable 
on {x G M | fj,(x) > 0}. The restriction of the metric g to E± is non-degenerate at the points 
of {x G M /z(x) > 0}. Since at the point p E± coincides with Eq, it is positively definite at p. 
Hence, by continuity, it is positively definite at the connected component of {x G M n(x) > 0} 
containing p. Since every connected component of {x G M | n{x) > 0} has a point such that [1 = 1, 
the restriction of the metric g to E^ is positively definite at all points of {x G M \ ^i(x) > 0}. 

Similarly, at a minimum point q one can consider the restriction of (94) to E\ : 

= ^ a ij\Ei ~ ^ 5yle 1 ! 

since d l j\ El = &)\e 1 - Then, g is positively definite on E± at q. Considering the distribution Eq, 
we obtain that the restriction of g to Eq is positively definite at {x G M \ n(x) < 1}. 

Evidently, the sets {x G M \ fj,(x) < 1} and {x G M \ fj,(x) > 0} have an nonempty intersection. 
At every point x of the intersection, T X M = Eq + E^. Since the restriction of the metric to 
Eq and to E^ is positively definite, the metric is positively definite as we claimed. Theorem 7 is 
proved. 

5. Tanno-Theorem completes the proof of Theorem 1 

We assume that (M 2n ,g,J) is a closed connected Kahler manifold of dimension 2n > 4 with 
degree of mobility D > 3. Let g be a metric /i-projectively equivalent to g. We consider the corre- 
sponding solution (ay, Aj, /i) of the extended system. If the metric g is not affinely equivalent to g, 
by Theorem 6 we obtain B ^ 0. As we explained in the beginning of Section 4, by multiplication 
of the metric by a nonzero constant, we can achieve B = — 1. Without loss of generality, we think 
that B = — 1. By Theorem 7, the metric g is Riemannian. 

Now, by Lemma 8, the function A := \a\ satisfies the equation 

(95) A,y fe + (2A fc5 y + X ti g jk + \ jgik + (J a i J /3 j + J a j J p i)\ a gp k ) = 0, 
moreover, by Remark 2, if g is not affinely equivalent to g, the function A is not a constant. 
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As we recalled in Section 1.8, this equation was considered in [53]. Tanno has proved, that the 
existence of a non-constant solution of this equation on a closed connected Riemannian manifold 
implies that the metric g has positive constant holomorphic sectional curvature equal to 4 (see [53, 
Theorem 10.5] , and also Section 1.8). Then, (M 2n , g, J) is (CP(n), i-gps, Jstandard) as we claimed. 
Theorem 2 is proved. 

Remark 12. As we already mentioned in Section 1.9, in Sections 3, 4 we did not actually use the 
assumption that the degree of mobility is > 3: we used the system (6) only. Thus, the following 
statement holds: 

Let (M 2 "- 4 , g, J) be a closed connected Kdhler manifold. Assume there exists a solution 
(aij,\i,fi) of (6) such that A 4 ^ 0. Then, (M 2n ,g,J) is (CP(n), const ■ g FS , J 'standard) (for a 
certain const ^ 0). 

6. Proof of Theorem 4: equation (5) is equivalent to system (6) 

In Lemma 8, we have shown that for a solution of the extended system (6) equation (5) is 
fulfilled. We will now show that a nonconstant solution of (5) allows us to construct a solution 
(ay , Xi, /i) of the extended system (6) (with B = k and Aj = ^ 0) provided that the manifold 
is closed. 

Let / be a non-constant solution of equation (5) on a closed connected manifold M. Then, 
k^O. Indeed, we can proceed as in Section 3: if k = 0, then equation (5) reads f ^ — 0. Then, 
the hessian f^j of the function / is covariantly constant. Since the manifold is closed, the function 
/ has a minimum and a maximum. At a minimum, the Hessian must be non-negatively definite, 
and at a maximum it must be nonpositively definite. Therefore the Hessian is null, and f ti is 
covariantly constant. But as it vanishes at the extremal points, it vanishes everywhere. Thus, 
/ = const contradicting the assumptions. 

Consider the symmetric, hermitian tensor defined by the following formula: 

(96) a l0 = -f.ij - 2fg tJ 

hi 

Let us check that (a^, = .f,i,/i = 2k/) satisfies (6) with B = k. Indeed, covariantly differenti- 
ating aij = -fjj — 2fgij and substituting (5), we obtain 

(97) a i0t k = -f.ijk - %f,kgi] = %f,kgij + f,ig 3 k + fjgik - f,iJjk - f, r hk - = 

hi 

f,i9jk f.jfiik f,iJjk fjJiki 

which is the first equation of (6). The second equation of (6) is equivalent to (96), the third 
equation is fulfilled by the construction. Since / is non-constant, Aj = f ti ^ 0. Now, as we proved 
in Section 4, the metric — sgn(S) • g is positively definite. Finally, for positively definite metrics, 
Theorem 4 was proved by Tanno in [53]. Theorem 4 is proved. 
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